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Abstract
Let G = (V,E) be a simple connected graph. A matching M in a graph G is a
collection of edges of G such that no two edges from M share a vertex. A matching
M is maximal if it cannot be extended to a larger matching in G. The cardinality of
any smallest maximal matching in G is the saturation number of G and is denoted
by s(G). In this paper we study the saturation number of the corona product of
two specific graphs. We also consider some graphs with certain constructions that
are of importance in chemistry and study their saturation number.
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1 Introduction
Matching theory is a branch of graph theory concerned with study of structural and
enumerative aspects of matchings, collections of edges of a graph that do not share
a vertex. Its development has been strongly influenced and stimulated by chemical
applications, in particular by the study of perfect matchings in benzenoid graphs. Ad-
ditional impetus came with discovery of fullerenes, again mostly dealing with perfect
matchings [5, 6, 13, 18], but including also some structural results [2, 7]. For a gen-
eral background on matching theory we refer the reader to the classical monograph by
Lova´sz and Plummer [15]; for graph theory terms not defined here we also recommend
[17].
The cardinality of matching M of a graph G is called the size of the matching.
It is intuitively clear that matchings of small size are not interesting (each edge is a
matching of size one, and the empty set is a matching of size 0). Hence, we will be
interested in matchings that are as large as possible. The cardinality of any maximum
matching in G is denoted by α′(G) and is called the matching number of G. Since each
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vertex can be incident to at most one edge of a matching, it follows that the matching
number of a graph on n vertices cannot exceed
⌊
n
2
⌋
. If each vertex of G is incident with
an edge of M , the matching M is called perfect. So the number of vertices of a graph
G admitting a perfect matching is even, but the opposite is generally not true. Perfect
matchings are obviously also maximum matchings. The study of perfect matchings,
also known as Kekule´ structures has a long history in both mathematical and chemical
literature. For more details on perfect matching, we refer the reader to see [15].
There is, however, another way to quantify the idea of large matchings. A matching
M is maximal if it cannot be extended to a larger matching in G. Obviously, every
maximum matching is also maximal, but the opposite is generally not true.
Maximal matchings are much less researched than their maximum counterparts.
That goes both for their structural and their enumerative aspects. While there is vast
literature on perfect and maximum matchings (see, for example, monographs [15] and
[3]), the results about maximal matchings are few and scattered through the literature.
We mention here two papers that treat, among other topics, maximal matchings in
trees [14, 16], one concerned with the structure of equimatchable graphs [11], and a
recent paper about the saturation number of benzenoid graphs [8].
The cardinality of any smallest maximal matching in G is the saturation number
of G and is denoted by s(G) (the same term, saturation number, is also used in the
literature with a different meaning; we refer the reader to [10] for more information).
It is easy to see that the saturation number of a graph G is at least one half of the
matching number of G, i.e., s(G) ≥ α′(G)2 ([8]). We recall that a set of vertices I is
independent if no two vertices from I are adjacent. Clearly, the set of vertices that is
not covered by a maximal matching is independent [9]. This observation provides an
obvious lower bound on saturation number of the graph G, i.e. s(G) ≥ (n−|I|)2 , where
G is graph of order n ([2]).
Next section is concerned with the saturation number of some specific graphs. we
also study the saturation number of the corona product of two certain graphs. In Sec-
tion 3, we consider some graphs with specific construction that are of importance in
chemistry and study their saturation number. As consequences, we obtain the satura-
tion number of some cactus chains.
2 Saturation number of some graphs
This section is organized as follows. In the Subsection 2.1, we consider the saturation
number of some certain graphs. We also examine the effects on the saturation number
of them when they are modified by operations on their edge. Subsection 2.2 moves on
to the saturation number of the corona product of two specific graphs.
2.1 Saturation number of some specific graphs
We start this section with the saturation number of some certain graphs. Let Pn, Cn
and Wn be a path, cycle and wheel of order n, respectively. We have
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(i) s(Pn) =

⌈
n
3
⌉
, if n ≡ 2 (mod 3)⌊
n
3
⌋
, otherwise.
(ii) s(Cn) =
⌈
n
3
⌉
.
(iii) s(Wn) = 1 + s(Pn−2).
The union G1 ∪G2 of graphs G1 and G2 with disjoint point sets V (G1) and V (G2)
and edge sets E(G1) and E(G2) is the graph with V (G1)∪ V (G2) and E(G1)∪E(G2)
[12]. In addition, a maximum matching in a disconnected graph consists of the union
of maximum matchings in each of its components. So we can conclude the following
usefull lemma.
Lemma 2.1 For any two simple graphs G1 and G2, s(G1 ∪G2) = s(G1) + s(G2).
Here we consider the effect on the saturation number of the path and the cycle
graphs when one edge of them is deleted.
Proposition 2.2 (i) For every n ≥ 3 and e ∈ E(G), we have
s(Cn − e) = s(Pn) ≤ s(Cn).
(ii) Let V (Pn) = {v1, v2, ..., vn} and ei = vivi+1 ∈ E(Pn) where 1 ≤ i ≤ n − 1. For
every n ≥ 1, we have
s(Pn − ei) =

s(Pn)− 1, if n ≡ 2 (mod 3) and i = 1 or n2 or n− 1
s(Pn) + 1, if n ≡ 1 (mod 3) and i = 2 or n− 2
s(Pn), otherwise.
Proof.
(i) It is clear that Cn − e = Pn. Considering the saturation number of Pn and Cn,
we have the result.
(ii) For every e ∈ E(Pn), we have Pn − e = Pm ∪ Pt where m, t ∈ N and m + t = n.
By Lemma 2.1, we can conclude that s(Pn− e) = s(Pm) + s(Pt). Now we cosider
three following cases:
Case 1) If n = 3k for some k ∈ Z, then m = 3k1 and t = 3k2 where k1, k2 ∈ Z
and k1 + k2 = k. So s(Pn − e) = s(P3k1) + s(P3k2) = k1 + k2 = k = s(Pn);
or m = 3k1 + 1 and t = 3k2 + 2 where k1, k2 ∈ Z and k1 + k2 = k − 1. Then
s(Pn − e) = s(P3k1+1) + s(P3k2+2) = k1 + (k2 + 1) = k = s(Pn).
Case 2) Suppose that n = 3k + 1 for some k ∈ Z. So we have m = 3k1 and
t = 3k2 + 1 where k1, k2 ∈ Z and k1 + k2 = k. Therefore s(Pn − e) = s(P3k1) +
s(P3k2+1) = k1 +k2 = k = s(Pn); or m = 3k1 +2 and t = 3k2 +2 where k1, k2 ∈ Z
and k1+k2 = k−1. Then s(Pn−e) = s(P3k1+2)+s(P3k2+2) = (k1+1)+(k2+1) =
3
k + 1 = s(Pn) + 1. Note that it case happens when e = e2 or e = en−2.
Case 3) If n = 3k + 2 for some k ∈ Z, then m = 3k1 + 1 and t = 3k2 + 1 where
k1, k2 ∈ Z and k1 + k2 = k and we have s(Pn − e) = s(P3k1+1) + s(P3k2+1) =
k1 + k2 = k = s(Pn)− 1. Note that this case happens if e = e1, e = en−1 or e = n2
(when n is even); or m = 3k1 and t = 3k2 + 2 where k1, k2 ∈ Z and k1 + k2 = k.
Then s(Pn − e) = s(P3k1) + s(P3k2+2) = k1 + (k2 + 1) = k + 1 = s(Pn). 
2.2 Saturation number of the corona product of two specific graphs
In this subsection, we consider the corona product of two certain graphs and study
their saturation number. We recall that the corona of two graphs G1 and G2, written
as G1 ◦G2, is the graph obtained by taking one copy of G1 and |V (G1)| copies of G2,
and then joining the ith vertex of G1 to every vertex in the ith copy of G2.
Theorem 2.3 Let G be a simple graph of order n. Then
s(G ◦Km) = α′(G) + l
where α′(G) is the size of maximum matching M of G and l is the number of M -
unsaturated vertices of G. In addition, if G has a perfect matching, then
s(G ◦Km) = n
2
.
Proof. Suppose that M is a maximum matching of G and S has the smallest cardinality
over all maximal matchings of G ◦Km. Let the vertex u be a M -unsaturated vertex of
G and (Km)u be a copy of Km with the vertex set {v1, ..., vm} such that the vertex u
is adjacent to all vertices of (Km)u. Thus there exist v ∈ {v1, ..., vm} such that uv ∈ S.
Now if for M -unsaturated vertices u1, u2, ..., ul of G, put
S = M ∪ {uiv|1 ≤ i ≤ l, v ∈ V ((Km)ui)},
then S has the smallest cardinality over all maximal matchings of G ◦Km and so we
have the result.
Now suppose that the graph G has a perfect matching N = {e1, e2, ..., en
2
}. To obtain
a maximal matching S with the smallest cardinality of G ◦ Km, it is enough to put
S = N , and so s(G ◦Km) = |S| = |N | = n2 . 
Corollary 2.4 For every n,m ≥ 3, s(Pn ◦Km) = s(Cn ◦Km) =
⌈
n
2
⌉
.
Proof. Clearly, for every even n, the path Pn and the cycle Cn have perfect matching
and by Theorem 2.3 we have s(Pn ◦Km) = s(Cn ◦Km) = n2 . Now suppose that n is
odd. Then for every maximum matching M , the path Pn and the cycle Cn have only
one M -unsaturated vertex. So by Theorem 2.3,
s(Pn ◦Km) = s(Cn ◦Km) =
⌊n
2
⌋
+ 1 =
⌈n
2
⌉
.

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Theorem 2.5 For any simple graph G of order n, we have
s(G ◦ Pm) =

ns(Pm) + α
′(G) + l, if m ≡ 1 (mod 3)
ns(Pm), otherwise.
where α′(G) is the size of maximum matching M of G and l is the number of M -
unsaturated vertices of G.
Proof. Let u ∈ V (G) and (Pm)u be a copy of Pm with the vertex set {v1, ..., vm} such
that the vertex u is adjacent to all vertices of (Pm)u. Suppose that S and S1 have the
smallest cardinality over all maximal matchings of graphs G◦Pm and Pm, respectively.
So s(G ◦ Pm) = |S| and s(Pm) = |S1|. We have three following cases:
Case 1) Suppose that m = 3k for some k ∈ Z. It can easily verified that if v ∈
{v2, vm−1}, then the edge uv belongs to S. Hence every vertex of G is S-saturated
and so there is no edge of G in S. Also the number of edges in the smallest maximal
matching of the graph (Pm)u−v with the edge uv is equal to the number of edges in the
smallest maximal matching of the graph Pm. Thus we can conclude that |S| = n|S1|
and we have
s(G ◦ Pm) = |S| = n|S1| = ns(Pm).
Case 2) Assume that m = 3k + 1 for some k ∈ Z. If M is a perfect matching of G,
then put S = S1 ∪ S1 ∪ ... ∪ S1︸ ︷︷ ︸
n−times
∪M . So
s(G ◦ Pm) = |S| = n|S1|+ |M | = ns(Pm) + α′(G).
Now suppose that u is an M -unsaturated vertex of G and (Pm)u is a copy of Pm with
the vertex set {v1, ..., vm} such that the vertex u is adjacent to all vertices of (Pm)u.
Then there exist v ∈ {v1, ..., vm} such that uv ∈ S. Suppose that u1, u2, ..., ul are
M -unsaturated vertices of G and put
S = S1 ∪ S1 ∪ ... ∪ S1︸ ︷︷ ︸
n−times
∪M ∪ {uiv|1 ≤ i ≤ l, v ∈ V ((Pm)ui)}.
Then we have
s(G ◦ Pm) = |S| = n|S1|+ |M |+ l = ns(Pm) + α′(G) + l.
Case 3) If m = 3k + 2 for some k ∈ Z and v is one of the vertices in the set
{v1, v2, v4, v5, v7, ..., vm−3, vm−1, vm}, then the edge uv belongs to S. Therefore, every
vertex of G is S-saturated and so there is no edge of G in S. Similar to proof of Case
1, since the number of edges in the smallest maximal matching of the graph (Pm)u− v
with the edge uv is equal to the number of edges in the smallest maximal matching of
the path Pm, so |S| = n|S1| and it implies that
s(G ◦ Pm) = |S| = n|S1| = ns(Pm).

5
Theorem 2.6 For any simple graph G of order n, we have
s(G ◦ Cm) =

ns(Cm) + α
′(G) + l, if m ≡ 0 (mod 3)
ns(Cm), otherwise.
where α′(G) is the size of maximum matching M of the graph G and l is the number
of M -unsaturated vertices of G.
Proof. Let u ∈ V (G) and (Cm)u be a copy of Cm such that the vertex u is adjacent
to every vertex of (Cm)u. Suppose that S and S1 have the smallest cardinality over all
maximal matchings of graphs G ◦Cm and Cm, respectively. Then s(G ◦Cm) = |S| and
s(Cm) = |S1|. If m = 3k + 1 or m = 3k + 2 for some k ∈ Z, then the edge uv belongs
to S, where v is a vertex of Cm. Thus every vertex of G is S-saturated and there is no
edge of G in S. Also we have s(Cm − v) = s(Pm−1) = |S1| − 1. Then we can conclude
that
s(G ◦ Cm) = |S| = n|S1| = ns(Cm).
Now suppose that m = 3k for some k ∈ Z. Similar to the proof of Theorem 2.5,
if M is a perfect matching of G, then put S = S1 ∪ S1 ∪ ... ∪ S1︸ ︷︷ ︸
n−times
∪M and so we have
the result. But if G does not have a perfect matching, then assume that u is an M -
unsaturated vertex of G and (Cm)u is a copy of Cm with the vertex set {v1, ..., vm} such
that the vertex u is adjacent to all vertices of (Cm)u. Then there exist v ∈ {v1, ..., vm}
such that uv ∈ S. Now for M -unsaturated vertices u1, u2, ..., ul of G, it is enough to
put
S = S1 ∪ S1 ∪ ... ∪ S1︸ ︷︷ ︸
n−times
∪M ∪ {uiv|1 ≤ i ≤ l, v ∈ V ((Cm)ui)}
and so the result follows. 
Proposition 2.7 For any simple graph G, s(G) ≤ s(K1 ◦G) ≤ 1 + s(G).
Proof. Suppose that K1 = {u} and S2 has the smallest cardinality over all maximal
matchings of graph G− v where v ∈ V (G). So s(G− v) = |S2|. To obtain the maximal
matching S with the smallest cardinality of K1 ◦G, put S = {uv} ∪ S2. Then we have
s(K1 ◦G) = |S| = 1 + |S2| = 1 + s(G− v).
Also it can easily verified that s(G− v) = s(G) or s(G− v) = s(G)− 1 and it implies
the result. 
As some examples, we state the saturation number of K1 ◦Pn, K1 ◦Cn and K1 ◦Wn
in the following.
Example 2.8 For every n ∈ N, we have
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(i) s(K1 ◦ Pn) =

1 + s(Pn), if n ≡ 1 (mod 3)
s(Pn), otherwise.
(ii) s(K1 ◦ Cn) =

1 + s(Cn), if n ≡ 0 (mod 3)
s(Cn), otherwise.
(iii) s(K1 ◦Wn) =

1 + s(Wn), if n ≡ 0 (mod 3)
s(Wn), otherwise.
Proposition 2.9 For any simple graph G, s(Km ◦G) = m.s(K1 ◦G).
Proof. It is clear that Km ◦G = (K1 ◦G) ∪ ... ∪ (K1 ◦G)︸ ︷︷ ︸
m−times
. Now the result follows from
Lemma 2.1. 
We end this section with the following corollary which is an immediate consequence
of Theorems 2.3, 2.5 and 2.6.
Corollary 2.10 Let G1 and G2 be two simple graphs and |V (G1)| = n. Then
ns(G2) ≤ s(G1 ◦G2) ≤ ns(G2) + α′(G1) + l
where α′(G1) is the size of maximum matching M of the graph G1 and l is the number
of M -unsaturated vertices of G1.
3 Saturation number of the link and the chain of graphs
In this section we investigate the saturation number of some graphs with specific con-
struction that are of importance in chemistry. First we consider the link of graphs.
Let G1, G2, ..., Gk be a finite sequence of pairwise disjoint connected graphs and let
xi, yi ∈ V (Gi). The link G of the graphs {Gi}ki=1 with respect to the vertices {xi, yi}ki=1
is obtained by joining by an edge the vertex yi of Gi with the vertex xi+1 of Gi+1 for
all i = 1, 2, ..., k − 1 (see Figure 1 for k = 4) [4].
Figure 1: A link and a chain of four graphs, respectively.
In general attitude, there is no a certain relation between s
(
L(G1, G2, ..., Gk)
)
and
s(Gi) where 1 ≤ i ≤ k. For example, s
(
L(C4, P5, P4)
)
= s(C4) + s(P5) + s(P4),
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s
(
L(C4, P5, C4)
)
= 2s(C4) + s(P5)− 1 and s
(
L(C4, P5, C4, P5)
)
= 2s(C4) + 2s(P5)− 2.
But for some special graphs there are certain relations. In the following theorem, we
consider the saturation number of the link of some well-known graphs. As usual d(x, y)
denotes the distance between two vertices x and y.
Proposition 3.1 (i) Let Pm be a path of order m. Then
s
(
L(Pm, Pm, ..., Pm︸ ︷︷ ︸
n−times
)
)
=

ns(Pm), if m ≡ 0 (mod 3)
ns(Pm) +
⌈
n−1
3
⌉
, if m ≡ 1 (mod 3)
ns(Pm)−
⌈
n−1
3
⌉
, if m ≡ 2 (mod 3).
(ii) Let Cm be a cycle of order m and xi, yi ∈ V ((Cm)i) for every 1 ≤ i ≤ n. If
d(xi, yi) = di, then we have
s
(
L(Cm, ..., Cm︸ ︷︷ ︸
n−times
)
)
=

ns(Cm), if m ≡ 0 (mod 3), 1 ≤ di ≤ 5
ns(Cm)−
⌊
n
2
⌋
, if m ≡ 1 (mod 3), di ∈ {1, 3.4}
ns(Cm)− (n− 1), if m ≡ 1 (mod 3), di ∈ {2, 5}
ns(Cm)−
⌈
n−1
3
⌉
, if m ≡ 2 (mod 3), di ∈ {1, 4}
ns(Cm)−
⌊
n
2
⌋
, if m ≡ 2 (mod 3), di ∈ {2, 3, 5}.
Proof.
(i) Clearly, the link of n paths of order m is a path with mn vertices. Suppose that
{v1, ..., vm} is the vertex set of Pm. It is enough to choose S = {v2v3, v5v6, v8v9, ...}.
Then S has the smallest cardinality over all maximal matchings of Pm. Now the
result can be easily verified.
(ii) We consider all cases which has stated for the saturation number of the link of
some cycles. The construction of maximal matchings with the smallest cardinality
for examples of these cases, has shown in Figures 2, 3, 4, 5 and 6, respectively.
So we have the result. 
Here we study the saturation number of the chain of graphs. Let G1, G2, ..., Gk
be a finite sequence of pairwise disjoint connected graphs and let xi, yi ∈ V (Gi). The
chain G of the graphs {Gi}ki=1 with respect to the vertices {xi, yi}ki=1 is obtained by
identifying the vertex yi with the vertex xi+1 for 1 ≤ i ≤ k − 1 (see Figure 1 for
k = 4) [4]. Similar to Proposition 3.1, the following observation presents the saturation
number of the chain of paths and cycles, respectively.
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Figure 2: s
(
L(C6, C6, C6, C6, C6)
)
= 10.
Figure 3: s
(
L(C7, C7, C7, C7, C7)
)
= 13.
Observation 3.2 (i) Let Pm be a path of order m. Then
s
(
C(Pm, Pm, ..., Pm︸ ︷︷ ︸
n−times
)
)
=

ns(Pm)−
⌊
n
3
⌋
, if m ≡ 0 (mod 3)
ns(Pm), if m ≡ 1 (mod 3)
ns(Pm) +
⌊−2(n−1)
3
⌋
, if m ≡ 2 (mod 3).
(ii) Let Cm be a cycle of order m and xi, yi ∈ V ((Cm)i) for every 1 ≤ i ≤ n. If
d(xi, yi) = di, then we have
s
(
C(Cm, ..., Cm︸ ︷︷ ︸
n−times
)
)
=

ns(Cm)−
⌊
n−1
2
⌋
, if m ≡ 0 (mod 3), di ∈ {1, 2, 4, 5}
ns(Cm), if m ≡ 0 (mod 3), di = 3
ns(Cm)− (n− 1), if m ≡ 1 (mod 3), 1 ≤ di ≤ 5
ns(Cm)−
⌈
n
2
⌉
, if m ≡ 2 (mod 3), di ∈ {1, 4}
ns(Cm)− (n− 1), if m ≡ 2 (mod 3), di ∈ {2, 3, 5}.
Now, we shall study the saturation number of cactus graphs that are of importance
in chemistry. A cactus graph is a connected graph in which no edge lies in more than
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Figure 4: s
(
L(C7, C7, C7, C7, C7)
)
=11.
Figure 5: s
(
L(C8, C8, C8, C8, C8)
)
=13.
one cycle. Consequently, each block of a cactus graph is either an edge or a cycle. If all
blocks of a cactus G are cycles of the same size k, the cactus is k-uniform. A triangular
cactus is a graph whose blocks are triangles, i.e., a 3-uniform cactus. A vertex shared
by two or more triangles is called a cut-vertex. If each triangle of a triangular cactus
G has at most two cut-vertices, and each cut-vertex is shared by exactly two triangles,
we say that G is a chain triangular cactus. The number of triangles in G is called the
length of the chain. An example of a chain triangular cactus is shown in Figure 7.
Obviously, all chain triangular cactus of the same length are isomorphic. Hence,
we denote the chain triangular cactus of length n by Tn. clearly, a chain triangular
cactus of length n has 2n+ 1 vertices and 3n edges [1]. By replacing triangles in chain
triangular chain Tn by cycles of length 4, we obtain cactus whose every block is C4 as
shown in Figure 7. We call such cactus, square cactus and denote a chain square cactus
of length n by On [1]. The following theorem gives the saturation number of the chain
triangular cactus and a chain square cactus of length n.
Theorem 3.3 Let Tn and On be a chain triangular cactus and a chain square cactus
of length n, respectively. Then we have
(i) For every n ≥ 1, s(Tn) =
⌊
n−2
2
⌋
+ 2.
(ii) For every n ≥ 1, s(On) = n+ 1.
Proof.
(i) By the Observation 3.2 (ii), s(Tn) = s
(
C(C3, C3, ..., C3︸ ︷︷ ︸
n−times
)
)
= n − ⌊n−12 ⌋. Now the
induction on n implies that n− ⌊n−12 ⌋ = ⌊n−22 ⌋+ 2 and so we have the result.
(ii) It follows from Observation 3.2 (ii).

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Figure 6: s
(
L(C8, C8, C8, C8, C8)
)
=13.
Figure 7: A chain triangular cactus Tn and square cactus On, respectively.
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